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ABSTRACT

In this article, we intend to look at certain backward source problems for Fractional
Differential Equations (FDEs) with Robin boundary conditions, by considering a bi-

ordinal Hilfer fractional derivative BHD(?_’;"{){, of order9:(n—1<9 <n, n€eN)

and y:(n—1<y<n, neN)of type :(0<{ <1), (for both space and time).
We show that the backward problem is well-posed by expanding the eigenfunctions of
a spectral problem and using the generalized Fourier method.

Keywords:  Backward source problem Fractional operator Eigenvalues Bi-
orthogonal system Mittag-Leffler functions and generalization [2022] 26A33 35R30
35P15 34M50 42A16

Introduction

The fractional integral and derivative can be considered as an interpolation of an
infinite sequence of classical n-fold integrals and n-fold derivatives. Fractional
calculus is the area of calculus that has been rapidly developing over the last couple
of centuries. It offers numerous new features for research and thus becoming
increasingly popular in a variety of applications, Abel uses the application of semi-
derivative for the first time, which is related to the study of curves, then other
researchers utilized it in different domains including geophysics, astronomy, weather
forecasting, oceanography, hydrology, petroleum engineering, electromagnetic, fluid
mechanics, biological population models, optics and signals processing discussed in
[1,2,3,4,5,

+Analysis of Backward Source Problems for Some Fractional Order Differential
Equations.

6, 7, 8, 9] respectively. It has been documented by a number of researchers that the
nonstandard behavior of diffusion and transport phenomena has been observed in
both the theoretical fields and laboratory tests, for instance, [10, 11]. The non-
locality of fractional operators is the driving force behind the modeling success of
fractional differential equations (FDESs). Due to this property, these operators can
adequately describe the non-local effects and long memories that are typical of the
majority of physical phenomena [12]. Backward problems are among the
preponderance important in mathematical problems and mathematics. The backward
problem gained less attention as compared to the direct problem. For our purpose,
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we concentrate on the literature regarding the backward source problem for FODE's.
There are many classifications of backward problems, for instance, backward source
problem, evolutionary backward problem, backward coefficient problem, boundary
value problem, and many more.

There have been few research looking at the backward problems of obtaining the
coefficients in the heat equation for instances, in which the unknown coefficient is
space-dependent in [13] both temporal and space-dependent [14, 15]. The recovery
of the initial condition for a Time Fractional Diffusion Equation (TFDE) using
additional over-determination data is assessed in [16] article. Initial data was
recreated by utilizing over-determination data acquired from the geographic domain
explored in [17]. A regularization technique for the Inverse Source Problem (ISP) of
a Space-Fractional Diffusion Equation (SFDE) was proposed in [18], by utilizing a
space-fractional derivative defined in the Riesz-Feller space-fractional derivative.
The inverse problems of the viscoelastoplastic and torsional equations of temporal
fractional viscoelasticity have been achieved numerically in [19] and [20],
respectively. For an ISP, by using Carleman estimations [21], to produce Lipschitz-
type stability estimates.

For SFDE, the inversion of diffusion coefficients has only been discussed over just a
pieces of literature. Using the eigenfunction expansion approach, various unique
conclusions (with distinct situations) for an ISP of time fractional mixed parabolic-
hyperbolic type equation is demonstrated in [22]. The unique result of the time-
dependent source term in a Space-Time Fractional Diffusion Equation (STFDE) is
determined in [23]. Inverse Coefficient Problem (ICP) was evaluated for a nonlinear
TFDE in [24, 25]. With the help of a non-self-adjoint operator associated with the
FDE method, eigenfunctions, and eigenvalues of the Boundary Value Problem (BVP)
for fractional oscillator equation, mentioned in [26].

In particular, we analyze two backward source problems of a fractional diffusion
equation under the premise that the unknown source term is independent of time and
space, respectively. A logical result may be obtained by using the eigenfunction
expansion principle.

The remaining portions of the article are structured as follows: In section 2, a
statement of the problem is discussed as well as over-determination conditions for
both problems are also analyzed. Section 3 is devoted to Prolegomena, in which some
basic concepts of fractional calculus and some results related to the Mittag-Leffler
function are mentioned there. The spectral problem and its conjugate problem of the
system are described in Section 4. In Section 5, we establish the main results
concerning the existence and uniqueness of the solution of a backward source
problem.

Statement of the problem
For the following TFDE, a backward source problem was explored.

9,
BHDO 2(y,8) = 2y, 0, 8) + F(,8), () €Y, (1)

along with initial data
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1529 (010 = da (), (2)
and boundary data

z(0,t) =0, uy,(0,t) +z,(m,t) + pu(m,t) =0, p>0, (3)

where, ¥:= (y,t):0<y < 1,t € (0,T], and BHD(E’_’;"){X represents left sided bi-
ordinal HFD of order 9:(n—1<9<nneN)and y:(n—1<y<nne€N) of

type (: (0<¢ < 1).

In the first problem, F(y,t): = p(t)f(y) here, F(y,t) is the source term in which
p(t) is an unknown function and f (y) is known function. We recover a set of function
{z(y,t), p(t)} for the regular solution, only if the total energy of the system is known,
i.e.,

Jy z(y,ydy = E(t). 4)

In the second problem, F(y,t):= f(y)g(y,t) here, g(y,t) is known function and
f(y) is to be investigated. To determine a regular solution, we intend to recover a
couple of function {z(y, t), f (v)} in the presence of an additional condition

z(y,t) =¢Y(). ®)

Prolegomena
Some fundamental concepts about fractional calculus and few of its properties are
discussed in this Section.

Definition 3.1 [12] Let g € L} .[a, b]where — o < a <u < b < o, then RLFI of
order 9 are defined as

o g
I W= s j —

u>a,

1 g
B @)= s j i ush,

For 9 =n € N, RLFI(left sided) interpolates integrals in classical integer order
except that the domain changes from Riemann integrable to Lebesgue integral
functions.

Definition 3.2 [27] Left-sided bi-ordinal Hilfer fractional derivative defined as:
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d
9,%)7 {(n—-9
BHD( 'X) g(u) =] ( )

1_ —_
0+t Wg(u)1(§+,to(n X)g(u)'

oforderd:(n—1<9<nneN)andy:(n—1< y <n,n € N) of type
((0<¢<1).

Remark 3.1 Formula for the Laplace transform of the bi-ordinal Hilfer fractional
derivative

9, - - - 1—- 2—
,C{BHD(§+'¥){g(u)} — X+ X)L{g(u)} _ 1% 19)[15+ D2-x)

- — d 1-¢)(2—
+9(Wemor] — s7CD LIS g )], ]

Definition 3.3 [28] The Mittag-Leffler function for 19, y two parameters with
Re(¥) = 0 and y € C is defined as

had k
u
E = E —, R eC.

Lemma 3.1 [29] If 9 is an arbitrary real number, y < 2, u is such that
%a < u<minm,y, u€ Csuchthat|u| >0, u<|arg(w)| <mandC,
is a real constant, then

Gy
1+ |ul

|E,,(u; 1) <
Lemma 3.2 [30] For g(u) € C[a, b] and u € R, the following relation holds

C
|g(W) * ey, (u; +)| < ;1 19|,

where C; is a constant as aforementioned.

Lemma 3.3 [30] The ey 941 (u; 1) is Mittag-Leffler type functions which satisfy the
relation

1 _
ep9+1(£uu?) = ;(il + egq(u; ), ©>0.

Lemma 3.4 [28] The Mittag-Leffler function eg yyy, foru >0, 0<9I <y <1,
are entirely monotonous functions, i.e., we have
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dk
(—1)kmem(u,u) >0, keENUO.

Spectral problem

In this section, we will discuss spectral problem of (1)-(3). Furthermore, we present
and prove two lemmata that will prove indispensable when demonstrating the
convergence of the solutions.

To address backward problems, we will use separation of variables. For (1) and (3),
the spectral problem is

I'"(y) = =A1(), (6)

1(0) =0, I'(0) +I'(m) + pI(m) = 0. @)
Eigenvalues of equation (6) to (7) are
Mk = 2k +1)%, Az = Qax)?,
where, the non-linear equation cot(m{) = —p/(2¢) gives the solution a;, and fulfills

2k + 1 < 2a;, < 2k + 2. Eigenfunctions corresponding to eigenvalues A, and A,
are

z1c(¥) = sin((2k + 1)y), 22k (y) = sin(2axy), (8)

respectively.

Due to the results of [26], eigenfunctions of (6) cannot be used to tackle the backward
problems. So, introduced a conjugate problem correspondent to (6) and (7) is

J"y) = =4 ®),
J(0)+J(m) =0, J'(m)+pJ(r) =0.

Eigenvalues of the conjugate problem are identical to the (6) to (7). Eigenfunction
correspondent to A, and A, are

2k +1
v1r(¥) = sin((2k + 1)y) — cos((2k + 1)y),

and

. 2ay,
vak(¥) = Corlsin(2ayy) - —= cos 2y},
respectively,
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where C,y, is selected in such a manner that

fo 23 )V (Y)dy = 1.

The following bi-orthogonal set of functions has been constructed with the assist of
eigenfunctions of spectral and conjugate problems [26],

M, = {ma(¥), Mars1 ()} Qp = {42, G261 (N} )
where

Mok (V) = 20 (1), Mg () = CHLD) (10)

Q21 (Y) = Vo (V) + V1 (V) Qa1 (V) = 28,021 (¥),

and5k=ak—k—%.

Riesz basis is used to get the set of functions M, [26] and @, [31]. Where, notice that

<l <A<k (11)
Azk

1 1
A — k2’ — k2

The following Lemma are indispensable while demonstrating the existence of a
solution.

Lemma 4.1 For g € C%(0,m) such that g™ (0) = 0 = g™ (x),n = 0,1 then

1
|kl < ﬁ(g”(y),mk(y)), k € N.

Lemma 4.2 For g € C*(0,m) such that g™ (0) = 0 = g™ (x), n = 0,1,2 then

1
|9k < F(sz“)(y),Mk(y)), k €N.

Backward source problems

In this section, we will explore two backward source problems that have arisen in
this article. Firstly, we will investigate the time-dependent backward source problem
and secondly, space-dependent backward source problem is extracted, an integral
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type and final temperature over-determination condition is applied to demonstrated
that the results of the backward problems exist, and unique.

Theorem 5.1 Under the given assumptions, the backward source problem has a
regular local solution.

e €C?0,m)and p™(0) =0 =¢p™(¢p),n =0,1,2,3,

am

: omf —0=
*feC@and 2 (0,6) =0 =2

(m, t),m = 0,1, moreover,

1 V3
0< —sj f)dy, M, >0,
M, 0

» E(t) € AC(0,T) along with satisfying the relation, fon ¢(y)dy = E(0).

Proof. We’ll begin by constructing the series representation of z(y, t) and f(y), then
use the Banach Fixed Point Theorem to show that p(t) exists uniquely. Moreover,
existence and uniqueness of z(y, t) are shown.

Construction of the solution

Using the spectral problem (6), we will generate series representations of the
unknown functions listed below

z(y,t) = Xi=1 (Mo Tok (£) + Mopp1 N Top+1 (0], (12)

f@) = Zk=1 [Mac ) fake + Makr1 (V) for41], (13)

Where! fk(t) = (f(yr t)' Wk)r along'With TZk(t)' T2k+1(t)1 92k, and I2k+1
satisfy the fractional differential equations in the following system

9,
BHDOOCT, (£) = =AuTar(®) + i Tors () + PO fors (14
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0,
BH Doy Toer1 (8) = = A2 Taies1 (£) + P(6) forern (15)
use remark (3.1) to get the solution of above differential equation

T2 (8) = eysc-0),1-0@-1) (G A1) Dok
+A4xToks1 * €pig@—1) x40 (& —A1k)
+p(t) * eyrc0-p)x+¢0-0 &~ far,  (16)

Tor41(8) = eysc0-x),1-1@-1) (& —A2k) P2ic 41
+p(0) * eyrz0-x)x+¢0-0 & —A2i) farsr,  (17)

where * represents Laplace convolution. Hence the solution of (12) becomes

z(y,t) = Z [Mar (V) (ex+709-1.1-0@-1) (& —A1) P2k
=1
+Ai(eyrc0-x),1-1)0-1) (& —A2k) P2ic 41
+0 () * eyic-x)x+i@0—-x) (& —A21) fars1)
X 1*eyre@-pna+i@-0 & —Aw)
+0 () * eyic-x)x+i@0-x G —Aud far) + Mogra ()
X (ex+¢0-x),1-0@G-1E —A21) D2ks1
+D(t) * eyrc-x)x+¢@—x) & —A2i) fons1)] (18)

Now by applying bi-ordinal Hilfer Fractional Derivative on over-determination
condition,

fy DY 20y, t)d() =P DEYE®),  (19)

0+,t 0+,t

we obtained time-dependent source term, in the form of
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p(®) = [f] fFOIAY]I BEDIPCE(E) + o(6) + [ K(t, Da(r)d]. (20)

where,

n > 205
f Zyy (v, t)dy = — Z [m (ex+0-x0),1-0@¢-1) (& A1) D2k
0 k=1
+Aleyr¢w-p.a-0c-10E —Aak) Pars1
+D () * eyrc—x)x+@—x) (& —A20) fora1]
L* eyrc-p.x+¢w-0 (G —A1k)
+p(t) * €y l(O-x) . x+({(9—x) (t; _Alk)fZR)
_ [ A2k A2k 24k
(zayak + 8y (2k+1) + 2k+1)
(ex+c0-x),1-0¢-1) (& —A21) P2k
+p(0) * eyrz09-x0).x+¢0-0 & —A2i) fare+ 1) ],

> 204
K(tT)=- Z [(Zk—+1) [k (1 * eyrc—y)x+¢9—-x) (T — E A2i) fona1)]

=1
22
X (1% eyizo—px+iw-n (T —6—21)) + [ij-kl

X (1 * €xrc®—x)x+0-0 (T — L _/11k))f2k
Aok _ Aok _ 24y
+(25yak 8y (2k+1) 2k+1)(1 * X+ x+O0-x)

(T —t =22 far+ 1)) (21)

and

221
) =~ Z (G + ) Prérrc@-na-ne-0 (6 )

k=1

21
(Zkikl)Ak X €y400-1,0-0C-1E —A2k) Dok
(1 * eyag-xx+c0-0 (& —A1x))
_(_Aek _ Aek 24k
28yar  6y(2k+1)  2k+1
(ex+¢00-x0),1-0¢-1) (& =) Pars1)]- (22)

Existence of the solution
Consider the mapping B from
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B:C([0,T]) - C([0,T]), (23)
define by an operator

B(p(®) =p®-

where p(t) is given in the equation (20), with the norm

g ll:= max|g(0)]

where the operator B is

t

Bp(®) = | f FONAYI DB () +7(t) + f K(t,D)a(0)d1]

to demonistrate that B: C([0,T]) — C([0,T]) is well defined, we need to show that
p(t) € C([0,T]), B(p(t)) is a continuous function.

Prove T(t) and K(t,7) is uniformly convergent by using Lemma 3.1, 3.2, 4.1, 4.2,
together with the relation (11) which leads to the following relation for z(t)

had 2 12} 14 2
21700 SZ [ | 2111 Cy |(¢zk()’),sz(J’))|)Tg(1—19)_l_MTq(l_g)

£ (2K + Dk || 2k + k3
|<¢§i)+1(y),qzk+1(y)>| A | 22| 14k
k4| 26,a, 6,2k +1) 2k +1
Cr DS ), Qs 1O
¢(1-9)-2 2L D721V 12k +1

same procedure is followed for |K (t, )|, eq (22) becomes

~ 4 144
ken<y AAAICE [ G O |22kl [ G20

£ "2k + DK k4| k2(2k + 1) |k2]
Azl Mol 14k ) G |<f§:11,qzk+1(y)>|] (24)
28ya  8y(2k+1)  2k+17 k2 |k#|
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Cauchy Schwarz inequality, guarantee that the above inequalities are uniformly
convergent. Since 7(t) and |K(t, 7)| are uniformly convergent. So, we may write it as

I K(t,7) IS Ky, (25)

and

1

< <[ Fo)dy, (26)

to indicate that mapping (23) is contraction.

Let,

4 t
|B(p(t)) —B(b(t)| < [jo f(y)dy]'l[JO (Ip(8) = p'(OK(t,1))drl],

this result is supported by inequality (26) and (27),
t
1B(p(D) — B@' ()] < MK (&, D)max[p(e) = p'(®)] f dr,
- 0

Il Blp(®) —B@'@®)) I,<TMK, Ilp—p'l, (27)

by Banach contraction mapping B(.) is contraction for T(ﬁ),
181
where K; =Il K(t,7) .

Now insures continuity results of z(y, t), z,,, (y,t) and B¥ Déi’,{)(u(% t).

Firstly, we will check continuity for z(y, t), for this purpose use Lemma 3.1, 3.2 we

obtained
C < ) X 6163 ||¢4 I
Z 2| T (B)] < Z |TSC=D|C, ¢y 2 |T$=9))
k=1 k=1
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C2C3C, N f@I €CCs N f" I
7134T2f +123T2f

i3 K k2 k2

© - cc3 I @ | C,C5C Il @ ]
D Bllaen®] < ) [TEOD| 2 g 12
k=1 k=1

where, || g II< C3, Il p(t) IS C4 and || t2 |I< T2. We already show that the uniform

convergence of _Zlio=1 |¢2k|»21?=1_ |¢)2k_+1|12;20=1 |f2r], and X521 |fak+1l, SO z(y, t)
represents a continuous function via Weierstrass M-test.

By using same strategy for z,,, (y, t), we have

o)

I ¢, |l Il @ | 7C
t2|Zyy(3’»t)|Sz [T¢0=CCy ¢ +T¢09¢, (];( (7Tk+ € + kl)
k=1
IF® 14+k e
+T2CBC4-(C1 K4 ( k )+ k2 )]'

using Lemma 4.1 and 4.2, we can see that the series on the right-hand side are
uniformly convergent. Consequently, Weierstrass M-test guarantee z,, (y,t) is a
continuous function.

Finally, we will show the continuity result for B”Dé‘z),f)cz(y, t), with the help of the
Lemma 4.1, and 4.2, we can write

C 7C
9, —9) &1 - !
281 DD Top ()] < TS0 Sl ¢ 1 +TSA-D L 0 1 (€, + 1)

+T2E% | £ ) (ThCy + 1) + T2 A I (G+ D),

I </> @ I f<4> I

£2[BH DSy, 1 (0)] < TEO-D¢, +T2C,| (€ +1).

By Weierstrass M-test, 2% Dé’i)t‘){z(y, t) is continuous functions.

Uniqueness of the solution
Assume two solution sets {zi(y,t), f1(y)} and {z,(y,t),/>(¥)}, then z;(y,t) =
z1(y,t) —z(y,t) and f () = f1(¥) — f2(¥)

satisfies

Page 1039


http://amresearchreview.com/index.php/Journal/about

Annual Methodological Archive Research Review

http://amresearchreview.com/index.php/Journal/about

Volume 4, Issue 3 (2026)

Online ISSN Print ISSN http://amresearchreview.com/index.php/Journal/about
3007-3197 3007-3189

9, _ _
BH e  2(y, 1) = 2, (3, 1),

subject to the initial condition

1- 1-y) —
15 P23, 6)]e=0 = 0,

and the boundary measurements
z(0,t) = 0,z,(0,t) + z,(m, t) + pz(m, t) = 0,t € (0,T].
Consider,

T = W, O, we ), fie = (fue @), Wi (),

apply bi-ordinal Hilfer fractional derivative

9, = 9, _
BHDSOIST, = (BUDE 7(y,£), qu (),

9, - 0, _
BHDé+,)t()(T2k+1 = (BHD(§+,)1:()(Z(Y' t), A2k+1 (),

from these equations, the system has a differential equation of the form

.'9‘ J— j—
BHDé+,)t{)<T2k(t) — Mk T (t) =0,

BHD(gi:)t()zTZk+1(t) — Aok Top41 () = 0,
following are the results of applying the Laplace transform on differential equations:
T2 () = €yiz0-1)0-@-1) & —A1k) Pk
Toies1(t) = €yrc—y,a-0 @1 (& =A2) P2icr1,
with the use of the initial condition, the above results become
TZk(O) =0, TZk+1(O) =0,

which implies
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Z(y,t) =0,
hence,

z(y,t) = f(y. 1).
which proves given result is unique.

Theorem 5.2 Under the following assumptions, the backward source problem (1)-(3)
possesses a regular solution

e € C*(0,m) and Y™ (0) = 0 = Y™ (¢),n = 0,1,2,3,
« g €Cy (@) and gyl;f{(o, t)=0= gyl,i(n, t),m = 0,1, then their exists a unique
solution.

Proof. Construction of the solution: As we consider spectral problem, the solution
representation of the backward problem can be written as

z(y,t) = Lker Mok ) Tok (0) + Mapey1 ) Ta41(0)],  (28)
f@) = Xi=1 M fox + M1 (V) a1l (29)

g, t) = Xz [Max () G2k (£) + M1 () G2k+1(D)], (30)

by talking inner product the differential forms of the given system is

9,
BH Deo P T (8) = =20 Tarc () + A Tasen () + A foic Gare(t)

+Az2fok 92141 () + Az foks1 G2 (D), (31)

9,
BH D T 41 (8) = =2k Tas1 (8) + Asfok Gaxs1(t) + Asforsr Goi(t)

+Asfor+1 G2k+1(E), (32)

where,

1 8af(8a2 — 692) + 9*(12a2 —92) _ 4af — 92

2
, - +
2k 420 = G5 et eaz + 697) + 07 (12az + 97 T > aaz 1+ 07
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2+ 64at9? N [4a,§ — 92

39(8aj (8ai + 692) + 94(12af + 92))  “4da}? + 92

2 Cok
. (zak +8k + 2)] 8ay(ax—2k—1)(4ai+2k+1)
Cok _ 4apd _
49 (a2 —4k2—4k—1) € 4a,3(+192)(16k +2)] =4,

(myy (y)m2k+1(1y), 92k (¥))

- 26y {8ak(ak —2k —D(ap + 2k +1) [ak(ay — 2k — 1)

x (M) + g (o + 2k + 1)(ﬂ) —2(a
4at + 9?2 ATk 4al + 92 *
—2k — D(ay + 2k + 1) (j""; 192) 8k2 — 8k — 2]
_ 2k+1 ( 43,9 ) 2k+1
8ay (ag+2k+1) \4ai+92 8ay(ar—2k-1)
«( 4a,9 )— Cok
4a? + 92 4(2k + 1)(4ay — 2k — 1)(4ay, + 2k + 1)
2 2
x [(2k + 1) (4ay, — 2k — 1)(4‘1’;—;92) — @k +1)
2 2 2

(4ay + 2k + 1) (——— ’; )— [( o2 + 1

4a
Czkak
2|2k +1)? x -
* ( D (4 +192>l 20 (4ay + 2k +1)

4ak‘l9 n C2kak 4ak19
4a? + 192) 2ap(4ay — 2k — 1) (4a,§ + 92

( )} = AZ:

Cox
42k + 1) (day — 2k — 1)(4ay + 2k + 1)
X [=(2k + 1) (4ay, — 2k — 1) G2y

4a +192

(Mo (V)Mo 11 (V) 2+ (V)) =

4ak
ai+92

—(2k + 1)(4ay + 2k + DG

)32

x [CY2 | 1102 + 2(2k + 1)

4ai+92
4ak —92 Corag 4ai?d
X (4a2+192)] + 29(4ap+2k+1 Gz 2)
_ Corag ( 4aid )
29((4ak—2k-1)) “4ai+92
Cak
[—ax (ak

8ay(ax—2k—1)(ay+2k+1)
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2_
~2k — 1) x C%0) — gy (ay + 2k + 1)

az+92

X (““k )+ 2(ay — 2k — 1) (ap + 2k + 1)

2+ﬁ2

4ak 2 Corag
X ( 2+192) +8k"+8k +2] + 49 (ay+2k+1)

( 4ak19 )_ Corag ( 4,9 )
4a+92 49 (ag—2k-1) “4ai+92

Cox , 4ay? — 4
20 (4a,€+02) -8

Cor - 8ap(8ai —692) +9*(12af —9?)
126, ay [(Sa,‘i(8a,§ + 692) + 94(12af + 92)

(M311 (V) G2k () =

_ Cag (4a,2€—192) 1 - Cok
48 ay 4a,2€+192 68,y 650
( 64ap9?

8a§(8a,2(+6192)+194(12a,2{+192))

Cak (2 —9 _
sag( 32k2-32k— 8)[ (e + (=2k — Day)
aa? aa?
Gt + (@ + (F2k + Dan) o)
+(—2a? + 8k? + 8k + 2)(1“’; 192)
_ 2 _ _ Corag 4o,
8k 8k — 2] 49 (ay+2k+1) (4a,2(+192)
Corag 4o, % 4aid
49 (ag—2k—1) (4a,2<+192) 29 (4a,2c+192)
= A4_.

Using Laplace transform, we get values of T, (t) and T, 41 (t) as

Tk (t) = exr¢w-n.0-0@-1E —Au) Par + Ak Top41 (1)
X 1*eyie-are@-0E ~A) + Gar(t)
X 1*eyic—px+c@0—xp) & =) Arfar + 9or+1(0)
X 1*eyie—px+i@—p & —Au) Az for + Gar (t)
X 1*eyc-px+c-nE =) Az forr,  (33)

To41(8) = eyic0-x),1-0@-1) (& —A2k) D241 + G2r+1 (L)
X1 ey x+c@-x) & —A2k)Asfor + Gar (8)
X 1% eyrc—px+i0—x0) & —A21) Az fore1 + Gares1(£)
X 1*eyre—px+c@-x G —A2)Asfors1, (34)

temperature over-determination condition is required to get f,, and f,,.q, Which
gives
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=& 35
foe = (), (35)
2
and
=& 36
f 2k+1 — (f_)' ( )
4
where,

$1 = [V V) — eyacco-n.a-p@-1) & —A) Pax
=21 (V) * eypz0—y) x+c0—-x) (& —A11))]
X [A392k () * €ys09-x)x+c0—x) (& —A2k)
+A4G2141(8) * €191+ (& —A21)]
HA2Y2141(Y) — Azeyico—n),a- -1 (& —A2i) Dokl
X (G2k(8) * eysz9—3) 1+ (& —A11)),

$o =1 —[A24392k41(8) * eyyc0—p)x+c0-x (& —A2i)]
X [92 () * exsco-y)x+¢0-x) (& —A1k)]
X [A392k(t) * €y409-x)x+c9—x) (& —A2k)
+A4G21(8) * €yrz9—3)x+70—3) (& —A21)]

3 = [A192k () * €yaco-y)x+¢—x) (& —2A1k)
+A292141(8) * €y x40 (& —A11)]
X [Wak41(Y) — eyaco-x),a-0@¢-10E —A21) D2xs1
+A3P2 (V) — Azeyiz9-x),1-x)¢-1) (& —A1) D2k
=3 AsP2e01 (V) (L * €ync9—y)x+0—1) (& —2A1k))]
X G2k () * eyszo—y)x+c0—x) (& —A2),

$a =1 = [A143921(8) * ey x+c0—1) (& —A1k)
+A2921(8) * €ys9—1)x+30—x) (& —A11)]
X [A2921(8) * €yrz09—3)x+0—3) (& —A1k)
X (G2k (&) * eys0—3) x40 (& —A20))]

so the solution of backward source problem is

zy,t) = z {sin((2k + D) Iex+co-0.0-0¢-1E —Aud) P2k
k=1

+Ar(eyrc-1),0-0@-1)E —A2k) Pars1 + G2rk+1(E)
§
X1 =* €X+((19_X)_X+{(19—X)(t; _/12k)A3(E_:) + ng(t)

¢
X 1*eyie—ypxrco-x (& —/121(,)143(5—2) + 92k+1(t)

3
X 1% ey x+c-0 _’12")‘44(6_1))
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X (1% eyrca—p)x+c-x (& —A1k)) + g2x ()
'3
X 1*eyie—y)x+c@0-x)(E _Alk)Al(g_:) + g2k+1(t)

'3
X 1*eyie—y)x+c@-x) (& —/111{)142(5—:) + g2 (1)

¢
X 1% eyie—y)x+iw-p —/111{)142(5_?]

+ ((Sin(zak(Y))—Sin((2k+ D)
26y

3
X Gars1 + Gars1(8) * €przo—3)x+c00-1) (& _AZR)AS(é)

)(€yr¢-x),1-x)¢-1) (& —A2k)

&
+ 92k () * xrc-y)x+¢0-x) (& _AZR)AS(é) + Gok+1(t)
3
* €xyre@—p)a+@—x (G _AZR)AL}(é))}- (37)

Existence of the solution

Under certain regularity conditions on ¢(y) and f(y), we will now present the
existence results, for this z(y, t) must be shown to be regular, and this can be done by
demonstrating that

*z(y,t)

9,
. BHD(E_l_)t(){Z(y, t),

* Zyy(y: t)

is continuous function.
By utilizing equation (36), (37) along with the Lemma 3.1 and 3.2,

we have
$s
t?| farsal < X
$6
t?|for] < X
where,
C2C, @ 745C
§5 = [T 21 g4+ A GT* (1 +— )
0 CiC3 1@l ¢" T?A43C5
T80 22 (b s A+ 1 )
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CiCs I w" I ¢" Ay ™ |
56 = 7 (A3C§ ” g Ilz)(T2k2C3 + C1C3T((1 19)( + p k4’ )
+T2C, "1” i Ty AZ))

for solving &,, and &, use Lemma 3.1, 3.2 together with The Lemma 4.1 and 4.2, it

will be
C3C c3c
1—=1g I3 (414,45 + A2) > 1 — ,1( g3
2
1-— AA3C1C3 Hgl?(As+4)=>1— Cl? g3,

this implies that the denominator will be non-zero, as

(M3 (), 42 () < 1,
(Mo (MMok1(¥), 42 (V)) < 1,
(Mo Mok 1 (), Q21 (Y)Y < 1,

(M3k1 (), Q21 ) < 1,

o)
1 <1
&~
and
1 <1
$a
Hence, the estimates will be
t%| foks1] < &, (38)
2| fore| < & (39)

We can determine that f () is a continuous function by using Equations (38) and (39)
alongside Weierstrass M-test.

To establish the continuity of the function z(y, t), we will illustrate that the functions
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T, and T,,, are continuous by using Lemma 3.1, 3.2 4.1, 4.2 and relation (11)
together with Cauchy-Bunyakovsky-Schwarz inequality we have the following
estimates for | T, (t)| and |Typ41 (t)]

Y N 7C] I I |
N sy g nea-n ¢ 7 © pea-o LAL2 1 P g
= = ()]
LF I Gl f@ )
Il C3(As };2 )]+ s ka A3l gll+A, 1l g D)
IF7 e
];2 ,1{23(A1 lgl+4, 191
4)
+4, LSS g, (40)
N S P AONT I f" I
PRGN T s R NS
= = 4 4)
I F@ IF@ |
+A3C;T? fk lgll +A,C5 fk4 Il g D].

Weierstrass M-test guarantee the continuity of z(y, t).
To prove regularity of the series expansion we will also determine the convergence of

BHDéff)zz(y, t), and z,,(y,t), that is the corresponding series is uniformly

convergent, Cauchy-Bunyakovsky-Schwarz inequality with Lemma 4.1 and 4.2, we
attain

1 (4)
cas) CiCall @ .75 pea-o) (RN
k?  k? k k*

ILF" 0 N f@®
+2C5 Il g I T? % ( 22 + fk4

2B D8O, () < T

)

Weierstrass M-test ensures that the function involve in t2|BHDéi:f)(T2k(t)| and

t2|BHD(§i"{)ZT2k+1(t)| is a continuous function. Now check continuity result for

Zyy (¥, 1)

Zyy .0 = D [ Oegnseo— -6 ~Au)bai + i
=1
X (ex+700-1),1-00¢-1) G —A20) P41 + AsforGok+1(t)
X 1% eyica—yp)x+c@-x) (& —A2k) + Az for4192k (1)
X 1*eyico—pxr¢-x & —A2k) + Asfors192k41 (1)

X 1* eyrc—y)x+i@-x G —A2k)) * €xaco—x) x+20-2)
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X (t; =) + A1far G2 (8) * €xvz0-x)x+¢0-1) (6 —A1k)
+ 92141 () * €xic0-y)x+¢0-0 (& —A) Az for + G2k (0)
X 1* eypo—y)x+¢@—x0 & —A) Az farr1] + Morrr”' (V)
X (x+¢@0-0.a-0@-1)C —A2) Par+1 + G2r+1(0)

X 1% eyiz-px+i0-x & —A2k)Asfar + Gar (8)

X 1% eyre@—pa+i-0 G —A2) Az fars1 + Gzr+1 (1)

X 1% eyiew—px+i—-0 & —A2)Aafars1)],

using Lemma 3.1, 3.2, 4.1 additionally4.2 we have the following form for |z,,,,(y, t)|

- Il ¢ L@ 1

12y 0 D) < Z T¢a-9¢, ¢ +7k( F 707 14 )+ Z gl
163 (7k(Cy U g 1 28 (€, (7 + )

|| || @)

. ).

Cauchy-Bunyakovsky-Schwarz inequality proves that the sequence represented on the
right-hand side are uniformly convergent. According to the Weierstrass M-test, this is
a continuous function.

Uniqueness of the solution

Assume two regular solutions of the backward problem {z(y,t), fi(¥)} and
{Zz_off_, ), LM}, then z(y,t) =z.(y,t) —z(y,t) and f(y) = f(¥) - f2(»)
satisfies

9, _
BHDSOXS 2y, 8) = Z,, (7, 1),

subject to initial condition

I3 023, D)le=o = 0,
subject to Boundary condition

z(0,t) = 0,2z,(0,t) + z,(m, t) + pz(m,t) = 0,t € (0,T],
Consider,

T = @, O, W), fi = (fuc @), wi()),

apply bi-ordinal Hilfer fractional derivative to get differential form
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9,0 = 9,00 -
BHD(§+,{)<TZR = (BHD3+,)1:O(Z(J’: t), a2 (V)

9, = 9, _
BHDOIST, o1 = (DI 2(y, 1), qars 1 ),

from these equations the system have differential equation of the form

19' j— j—
BHDSOOST,  (t) + A Tor () = 0,

19' —_— —
BHD(E+,)t()cT2k+1(t) + A2k Toks1() =0,

applying the Laplace transform and initial data yields the following differential
solution

T (t) = eysz-ya-n@-1E =Ai) P2r

Torr1(t) = eyizo-pa-n@-1E =A2) Pars1s

by using initial condition, above results becomes

Tok(t) =0, Tppsr(t) =0,

which implies

Z(y,t) =0,

hence

z(y,t) = f(y, t).

which proves given result is unique.
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